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Abstract. This paper is devoted to a nwnerical method for calculating the pressure on the vertical 
two-dimensional valve basing on Navier-Stokes equa~ions. Numerical solutions at interior points 
are established by splitting Navie~-Stokes unsteady two-dimensional equations into two unsteady 
one-dimensional equations. An implicit scheme is obtained and the solution for these equations is 
established by the double sweep method. The values at the boundary points are calculated by the 
method of characteristics. 
This algorithm is applied to the concrete case presented at the end of this paper 
1. Introduction 
It is very difficult to calculate the pressure fields, especially, in the case of solid boundary. 
Much attention has been paid to this problem. The aim of this paper is to present a numerical 
method for calculating the pressure on the vertical two~dimensional valve in hydraulic engineering. 
It is well known that the Navier-Stock equations for viscous incompressible fluid flows have 
the dimensional form as following: 
av 1 
- + (V · V')V = --V'P+vb.V + F, at - P (1.1} 
'\7. v = 0, 
where V is velocity vector, P - pressure, F - external force, p - density, l.l - kinematics viscosity. 
Let take p = 1. 
It is difficult to find directly numerical solutions of equations (1.1). To avoid it, the arti-
ficial compression component is added to the continuity equation (see [1, 2]), and we obtain a 
modification for the Navier-Stokes equations as follows: 
av Bt + (V · V'}V = -V'P+ vb.V +F, 
a(P+ vz) 
~--::,---'4'-'-. + '\7 . v = 0. 
at 
(1.2} 
We suppose that either the channel has large enough width (in Oy-direction) or the velocity 
of fluid flow -changes slowly :in Oy~direction, then we can rewrite equations {1.2} in the vertical 
two-dimensional equations of fluid flow (in (x, z}-direction}. 
The authors of [5] have considered the vertical two·dimensional fluid :H.ow, the governing 
equations of which have following forms: 
au au au 8p 
at+ u OX+ w (jz + ax = ig + vb.u 
a w aw aw op r;----:;; 
at+ u ox + w (jz + (jz = -y 1- i2 g + vb.w, 
(1.3} 
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au aw -o 
ax+ az- ' (1.4) 
where g is the acceleration of gravity, i =sine, and e is the angle of inclination between the gravity 
and the Oz-axis. 
The first component on the right of two first equations (1.3) represents projections of gravity 
onto coordinate axes. 
According to the idea mentioned above, the continuity equation {1.4) can be changed into: 
v2 
where q = p + 4 . 
aq au aw 
-+-+-=0. 
at ax az 
The equations (1.3), (1.5) are solved by the splitting method, particularly, 
one-dimensional equation in x, z- directions respectively, as follows (see [1]): 
where 
2. Algorithm 
1 au aq, a2u . 
--+-=v-+•g 2 at ax ax2 
taw aw a2w 
--+u-=v--2 at ax ax2 
1 aq, au 
--+-=0 
2 at ax ' 
1 au au a2u 
--+w-=v--
2 at az az2 
1 aw aq2 a2w r:--:;; 
-- + - = v-- - y 1- •2 g 
2 at az az2 
! aq2 aw- 0 
2 at + az - ' 
w2 
q2=p+-2 
1 
and q = 2( q, + q2) . 
The main idea solving equations (1.6), (1.7) is as follows: 
(1.5) 
we solve each 
(1.6) 
(1.7) 
Firstly, under the given initial conditions, we find numerical solutions of equations (1.6) along 
the line z = const at the first half-time-step, then, we use the results obtained from this stage as 
initial conditions to solve equations (1.7) along the line x = const at the other half-time-step. The 
obtained results are considered as the numerical solutions of equations (1.3), (1.5) in the whole 
time step. 
In order to find the numerical solution of equations (1.6), (1.7), we have to calculate the 
numerical values at each point of the considered region, i.e. at the interior points and at the 
boundary points. 
A. At the interior points of calculated region 
In order to determine u, w and p values (as well as u, w, qb q2) at the interior points, we 
use implicit finite-difference scheme to solve equations (1.6), (1.7). The following finite-difference 
equations are obtained 
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' 
u.n+l- un+i 0 fl. a 
---,--- + (awn+l + f3wn+k)-(aun+l + f3un+i) = v 2 - 2 [aun+l + f3un+}] 
dt dz . (dz)2 ' 
n+l n+! fl. 1 /). 6._ 
W -W +..2( n+l+f3 n+')= 2 -2( n+l+f3 n+k)- ~1_ ·2 dt dz aq2 q2 v ( dz) 2 aw w V 1 - ,. g, 
(2.2) 
where dx, dz are the spatial steps in x- and z-direction respectively, dt is the time-step, o: + {3 = 1, 
0 ::; a, f3 ::; 1, 
ll±; (i = 1, 2) are difference operators with 
i = 1: in x-direction 
i = 2: in z-direction 
fl.11P = IPm+l,k- ff'm,ki A2tp = IPm,k+l- cpm,k 
tl.-11P = IPm,k- Pm-l,ki f:::J.._z<p = cpm,k - cpm,k-1· 
Now the Courant-Levi stability condition (see [6]) can be applied: 
ll ~ t>_ 1 if aun+t + f3un 2:; 0 
ll = ll1 if aun+! + f3un < 0 
6 = ll_2 if awn+l + f3wn+! 2:; 0 
6 = ll2 if awn+l + f3wn < 0 
or one can choose t::J., 8 as central differences. 
For the sake of brevity, only the algorithm for the case of central differences ll and 6 is 
described. The full algorithm will be realized in FORTRAN 77. 
It is very easy to check the differential coefficients (2.1), (2.2) having first order approximations 
1 
for dt, dx and dz, except for the case a= {3 = 2' we have second-order approximations for dx, dz. 
The scheme is explicit when a = 0, f3 = 1 and implicit otherwise. 
It is e"-SY. to see that the implicit finite-difference equations (2.1), (2.2) can be drawn double 
sweep form ai grid points in x, z-directions. 
) T,, . I' · fi · d fJ · ( 1) I d · · r n+ 1 n+ A n+ 1 a u.e tmp zczt ntte- t erence equ.atwns 2. a ong x- ~recttOn ;Or um,k2, wm,k' and q1,m~k 
a,) . 
(MZ + 1 ~ m::; M}- 1) 
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(2.3) 
where 
It is easy verify that JbmJ > JamJ + JcmJ + S, 6 > 0. Therefore the double sweep method do not 
accumulate the computional error {see [6J). 
Note. M2, M~ are the numbers of the left boundaries and the right ones respectively, at K-th 
row: 
u.Mz,k = ~1; uMf,k = f/Ji; KM2 = ~~; LMz = o, 
where 'Pk> .Pl are the known values at the boundary. 
ao) 
where 
n+! n dt ( { n+! n+! ) {1 ) { n n J) ql,m,k = gl,m,k -.dx a um,k - um-l,k + -a um,k- Um-1,k _ 
(M2 + 1:5 m :5 Ml-1) 
n+.! n+l 
wm,k, = LmW m+I,k + Km 
(M2 + 1 S m S M~- 1) 
n+.l 
w '- ·'· . Mf,k- 'f'k' 
K _ fm- CmKm-1 
m- bm + CmLm-1 
where 'Pk, .Pk are the known values at the boundary. 
b) The implicit finite-dzfference equation (2.2) along z-d~'rection for w;11, q~.~\ and u~;l 
{2.4) 
(2.5) 
K-:n, ~are the numbers of the upper and lower boundaries at the m-th column, respectively. 
b,) 
W n+l L wn+l K m,k = k m,k+1 + k 
(K~ + 1 S k::; K!,- 1) 
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(2.6) 
where 
LK~ = 0 i 
Pm., 1/Jm. are the known values at the boundary. 
It is easy to see that jbkl > !ak! + jckl + 6, 6 > 0. 
b2) 
n+I = n+t - dt [a(Wn+I- wn+I ) + (1- a)(Wn+t- wn+t )] (2.7) q2,m.,k q2,m,k dz m,k m,k-1 m,k m,k-1 
where 
un+I = ll'lm ·, m.K~ r 
(K~ + 1 :<; k :<; K:,. + 1) 
(K~ + 1 :<; k :<; K:,.- 1) 
u.n+l = 1/Jm ; m,K~ 
"" (dz) 2 
Pm, 1/Jm are the known values at boundary. 
(2.8) 
LK';,. = 0 
Remark. After finding un+t 1 wn+f and q~+t at the first half-time-step, for the other half-time-
step, we have to find q2 by using the formula: 
( n+<)2 n+t n+.! W z 
q2 = p ' + 2 ' 
where 
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We shall obtain, un+l and q~+I, and in order to find out un+t: wn+~ and q~+j, we have to 
find g~+ 1 as follows: 
( n+1)2 q~+! = pn+l + U 
1 2 
where 
( n+1)2 pn+l = q!;+l _ W , 
2 
The above process is repeated until we obtain the results satisfying acceptable accuracy. 
B. At the boundary points 
To find u, w, q1 and q2 at the boundary points, we shall apply the method of characteristics 
(see [3, 4]). 
Equations (1.6) are written in vector form as follows: 
(2.9) 
where 
( 
a
2
u l (fi) 2vaxz +Zig F' = /2 = 82w H 2" axz 
0 
and aap or~ (P + "2 ) can be chosen asH at the previous (n-th) time-step. t at z 
The vector of left eigenvalues of the matrix A is.\'= (A~, A';, A~)= (2,-2,2u) and the 
corresponding matrix of left eigenvectors is 
and n;;' = ~ (~ 
2 1 
1 
0 
-1 
Since Af (i = 1, 2, 3) are real different from each other, the equations (2.9) is a hyperbolic 
system. After some equivalent transformations for system (2.9), we obtain the formula: 
n;;'jjr:(d~')J =F', 
where 
~ (dV1 ) r, --dt .2:1 
~ (dV1 ) 
r2 --dt a::~ 
~ (dV1 ) r, ~
u.t .2:3 
and ( ~~) a:i is the derivative along the direction of the characteristicalline ~~ == Ai, i.e. 
(d") =a"+A~au. dt x; at ' ox ' 
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(i=1,2,3). 
This formula is rewritten as follows: 
(du) + (dq,) + (d") - (dq,) - 2r dt Zl dt Zl dt Z:l dt Z2 - 1 
(dw) = 12 dt Zl (2.10) 
(du) (dq1 ) (d") (dq1 ) - +- -- +- =0 
__ dt Z1 _dt _ ~~- ______ ~t _ Z2 dt Z:l • 
It is necessary to know the values u, w and p at any boundary point, in order that the boun-
dary equations are closed, so except the given boundary conditions, the following complementary 
equations for each boundary are derived from formula (2.10) as follows: 
- At the right boundary: 
(du) + (dq,) - r dt Zl dt X1 - 1 (2.11) 
and if u 2: 0 we shall have one more equation: 
(dw) = /2. dt Xl (2.12) 
- At the left boundary: 
(d") _ (dq,) _ r dtx2 dt:z:,- 1 (2.13) 
and if u:::; 0 we shall have one more equation (2.12). 
By the same way, we derive from ( 1. 7) the following equation: 
(2.14) 
where 
(
2w 
B= ~ 
The matrix B has the vector of left eigenvalues .).• = P·i• >.~,An= (2, -2, 2w) and the matrix 
of left eigenvectors 
and Oij 1 = -~ (~1 
2 -1 
0 
-1 
1 
We obtain the complementary equations at the boundaries as follows: 
- At the upper boundary: 
(dw) + (dq2) _ J• dt Zl dt Z1 - 2 
and if w 2: 0 we shall have one more equation: 
(du) =If. dt •• 
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-2) 0 . 
0 
(2.15) 
(2.16) 
- At the lower boundary: 
(dw) _ (dq2) = !2 dt Z:! di Z2 (2.17) 
and if w :S 0 we shall have one more equation (2.16). 
3. Numerical results of the practical problem 
We apply now the algorithm mentioned above to calculate the pressure on the vertical two-
dimensional valve described as follows: Z E 
r--..-~-h is the water-depth of the sluice 
-
.==. 
b is the width of the valve - .... .... 
-
..... 
qin' qout are the input-discharge and the out-
- - "" 
~ ~"'' put-discharge 
_.. 8 
R is the radius of the valve, / R'yR 
\II 
-
,D 
ABC is the valve, where AB is a straight line, 
_.. lc 
/ I I 
BC is a part of circle with radius R, 
-
X 
and AB is the tangent line of BC at B 0 A tr C' D' 
DE is the free surface Fig.1 
We have to determine the pressure field on the valve ABC, with the given ED (ED is the free 
surface). Basing on these conditions, we have steady equations: 
au au ap . 
u- + w- +- = vAu+zg ax az ax 
aw aw ap r.--:::; 
u- + w- +- = vAw- gy 1- ,2 
ax az az 
au aw 
ax+ az = o, 
where v = 0.00001 
We add to these equations the unsteady components and we shall obtain unsteady equations 
like (1.3), (1.5) and apply the algorithm for interior points and boundary points mentioned above. 
Thus the numerical solutions are obtained. However, for these solutions and for the correctness of 
the problem, we have to impose the boundary conditions on each boundary as follows: 
We call un as the projection of velocity vector on normal to the boundary ( n is the normal 
unit vector to the boundary at each boundary point directed out of the region). Then at solid 
boundary, we have: 
or 
or 
• At the free surface: 
- At the soft boundary: 
+ for the outflow: 
+ for the inflow: 
un = 0 
p=O 
w = <p(x,z, t) 
u = ,P(x, z, t) 
u = ~(x,z, t) 
w = s'(x,z,t) 
where <p(x, z, t), ,P(x, z, t), ~(x, z, t), >(x, z, t) are given values. 
Thus, at each boundary sort we have 
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(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) I t
1) At the lower boundary 
a) If the boundary is solid: Consider (2.16), (2.17) and (3.1). 
b) If the boundary is soft, at which water flows out (w :'> 0): Consider (2.16), (2.17), (3.3) or 
(3.4). 
2) At the upper boundary: 
The boundary.is the free surface: Consider (2.15), (3.1), {3.2) 
3) At the left boundary: 
a) If the boundary is soft, at which water flows in: Consider {2.13), {3.5) and {3.6) 
b) If the boundary is solid: Consider (2.13), (2.12) and {3.1) 
4) At the right boundary: 
a) If the boundary is solid: Consider (2.11), (2.12) and (3.1) 
b) If the boundary is the free surface: Consider (2.11), (2.12) and (3.2) 
Remark. We consider the case where the boundary is an oblique line (i.e. It is not parallel neither 
to Ox nor Oz). Since our equations are splitted into two calculating process corresponding to 
Ox- and Oz-direction, for the interior points along Ox direction we shall consider these oblique 
boundary with Oz, and for the interior points along Oz-direction we shall consider these oblique 
boundary points as boundary points being in parallel direction with Ox. Each oblique boundary 
point corresponding to the above cases is arranged in the lower, upper, left and right boundary. 
Applying successive iterative process to the above algorithm until at the n-th step, where the 
values u, w, p satisfy: 
I n n+!l < I n I ~':f urn,k - um,k - e um,k 
I n n+i I< I n I ~~ Pm,k - Prn,k - e Pm,k 
(where e is a precision), we shall stop and the numerical solution of the steady problem mentioned 
above is thus obtained. 
Numerical results well conform to the experimental results carried out at Institute of Hydraulic 
Scientific Research in Vietnam. 
The investigation shows that the numerical results are stable after 100 iterative steps and the 
relative error is about 0.15 + 0.17 
This algorithm can also be applied to problem of the same models where the depth and the 
angle of inclination between the valve and the Ox-axis are arbitrary. 
We conclude this paper with two results described in Fig. 2 and Fig. 3 respectively, and the 
data given in Table 1. 
Table 1 
Variants Data 
qin = qout h b R ~ AB BC CD 
(m3 /s) {m) {m) (m) (deg) {m) (m) (m) 
Fig. 2 0.105 0.6 0.5 0.26 45' 0.32 0.6 0.1 
Fig. 3 0.091044 0.48 0.5 0.25 30' 0.42 0.2 0.1 
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FREE SURFACE 
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Fig.2 Fig. 9 
Comparison computed and measured pressures on the vertical two-dimensional valve of a sluice 
----- computed - - - - - - measured 
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TlNH AP LVC LEN C\JA VAN 
Bai Mo trinh bay phuang ph:ip s5 tinh ap lvc len cdca van hai chih dung, nhir h~ phrrang 
trlnh Navier-Stokes. H~ phrrang trlnh Navier-Stokes khOng dlrng hai chih dU,ng d1r'!C phan ra 
thanh hai h~ phuang trlnh con khOng dlrng mqt chih. Cac tac gia sdc d"ng SO" do sai phan an va 
phU"ang phap truy duC:i theo tlrng phuang d~ gi!Li tlrng h~ phrrang trlnh con. T~i d.c di~m bien 
nghi~m d1rqc tlm bling phrrang phap d¥; trrrng. 
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